Laser cooling of a single trapped ion in a Paul trap is discussed theoretically in the LambDicke limit, with full consideration of the time dependence of the trapping potential. Resulting mean kinetic energies are de6ned as time averages over one period of the micromotion and are compared with 6nal temperatures expected from the laser cooling treatment with harmonic traps.
I. INTRODUCTION
The ability to cool single trapped ions optically has become an important tool for fundamental experiments both in quantum optics and in precision spectroscopy [1, 2] . This is due to the fact that a single trapped and cooled ion provides an almost ideal quantum system which can be modeled by quantum optics theory and thus considered for applications with time and &equency standards [3, 4] .
The standard theory of laser cooling of trapped ions assumes motion of a laser-driven ion in a (static) onedimensional harmonic oscillator trapping potential [5 -8] .
Almost all experiments with single laser-cooled ions, on the other hand, have been performed with Paul traps where a rf of &equency~and a dc electric field are used to generate a trapping potential. Thus the trapping potential of a Paul trap is explicitly time dependent. In general, the ion motion in a Paul trap is governed by a fast oscillation at the driving frequency u (micromotion), superimposed on a slow secular motion (macromotion) [1] . To the extent that the frequency of the macromotion is much smaller than that of the micromotion, adiabatic elimination of the fast time scales 1/&o allows one to de- scribe the ion dynamics as motion in an efFective harmonic oscillator potential (pseudopotential). Thus standard laser cooling theory is based on the assumption that the time scale of the rf Geld is much faster than all other time scales of the problem. In experiments the efFects of the micromotion are clearly visible as additional resonances in excitation spectra [9] , and it appears necessary to investigate in which way the time dependent trapping field infIuences the cooling dynamics, the cooling rates, and the final temperatures. It is the purpose of this paper to develop a theory of laser cooling in Paul traps that includes the influence of the micromotion.
A theoretical description of laser cooling of a single two-level ion trapped in a harmonic potential was given some time ago by Wineland and Itano [5] and by Stenholm, Javanainen, and Lindberg [6 -8] . They derived simple formulas for both the cooling rate and the final energy reached by the ion at the end of the cooling process. For trap frequencies v smaller than the natural linewidth I' of the optical transition used for laser cooling (i.e., the weak confinement or weak-binding limit), the final energy of the ion is limited by E = AI'/2 (Doppler limit). For v ) I' (i.e., strong confinement or strong-binding limit) the trapped ion develops mell-resolved absorption sidebands at the trap frequency and selective absorption on the lower sideband can optically pump the ion to its lowest vibrational state, and therefore to the lowest energy permitted by quantum mechanics E = hv/2 (sideband cooling).
When discussing the influence of micromotion, the notion of temperature has to be reconsidered. In a harmonic trap laser cooling theories predict a Boltzrnann distribution of the occupation of the harmonic oscillator states which allows the assignment of a temperature.
However, with the micromotion present, the Hamiltonian that describes the motion of the ion in the trap is time dependent and therefore the concept of time-independent eigenstates of the trap Hamiltonian fails. Nevertheless, it is always possible to define the kinetic energy via the expectation value of the squared momentum (P(t) ) which is explicitly time dependent. For a comparison with ex-
II. PRELIMINARY CONSIDERATIONS
In the following we will consider laser cooling of a single trapped ion confined in a Paul trap including the full time dependence of the trapping potential. With the assumption that the ion is confined to spatial dimensions smaller than the optical wavelength (Lamb-Dicke limit), we have obtained the stationary behavior of the ion. In this section we give a qualitative overview of the main results presented in this paper. (2.3) As it is well known, stable ion trapping is only possible for certain values of the (a, q) parameters, and is usually described in terms of a stability chart [12] . A stable solution of this equation can be expressed as X(t) = AF(t) + c.c. , (2.4) where the complex parameter A depends on the initial conditions X(0) and P(0), and
The frequency v is a function of a, q, and a (more specifically, 2v/w is a function of a and q). (2.6) it can be shown that, in the limit a, q « 1, the inequality cp --1 » cy2~h olds, and therefore, the motion is essentially governed by a secular motion with frequency v zan(a+ q /2)~~2 (&& w). Superimposed on this macromotion is a small-amplitude modulation with the micromotion frequency cu. In this case the pseudopotential approximation applies, which amounts to expanding all the variables in terms of q and a, and retaining only the lowest order terms in these expansions.
In this limit, X(t) can be approximated by X(t) = Ae' ' + c.c. , (2 8) that is, one can consider that the ion moves in an effective harmonic potential of frequency v, without taking into account the micromotion. However, to evaluate the kinetic energy one has to consider the micromotion, since despite the fact that the amplitudes of the micromotion oscillations are small, their frequency is much larger than v, i.e. , it contributes to the total kinetic energy.
Within the framework of the pseudopotential approximation (and for q & a) the kinetic energy due to micromotion is reinterpreted as the potential energy in the effective harmonic trap, which allows us to restrict the study of the motion in Paul traps to harmonic traps. [6] .
In a standing wave, however, the situation is different, since the ion can be localized at any position with respect to the standing wave [10] . So (4 4) )) &)) I. (4.5) In this case, the remaining sideband frequencies can be ignored, and the Hamiltonian reduces to
where ( has been defined in Appendix A. The interpretation of this Hamiltonian is straightforward.
In the new interaction picture (in the moving frame), the ion senses: (i) a (strong) laser of frequency~L"with Rabi frequency equal to Bf(0); (ii) pairs of lasers of frequencies uL, 6 (v + neo) (n = 0, +1, . . . ) and corresponding Rabi frequencies of Ac2"f'(0)/(v 2(). Note first that these last frequency components are weak compared to the first ones, since they give the first-order contribution in the Lamb-Dicke limit to the Hamiltonian H. Note also that for n ) 0 (n ( 0) in general [c2"( ( )c2(" i) [ ((c2"[ ) [c2(" i) )) [13] , aild therefore the intensity of the sidebands decreases as~n~increases (see Fig. 4 ). (5.7)]. An analogous behavior is also found for a harmonic trap, since in that case the final energy can only be determined when the laser-ion interaction is taken into account. As one can show using simple power counting arguments, Eq. (5.12) can be used to find the remaining coefficients y, (i = 1, 2, 3) starting from y2, since the corrections given when the laser-ion interaction is included are of higher order in the LambDicke expansion. These coefIicients are proportional to y2 and consequently we can establish relationships between these coeKcients without any need to consider the cooling process, i.e. , using only (5.12 ).
The conclusion is that in order to study many features of the behavior of the trapped ion in the stationary state, one only has to deal with the Mathieu equation which, in terms of the appropriate variables, takes the form (5.8) .
For example, the ratio between the amplitude of the oscillation of the kinetic energy due to the micromotion and the mean kinetic energy depends only on the parameters that determine the micromotion, i.e. , those appearing in the Mathieu equation (a and q). It is given by z, = ) y, "e'" ', (5.9) The expressions for yz and yz can be easily found from Eqs. (5.10). We find and proceeding as before we find the following relations: This set of equations can be easily solved. Indeed, the second and third equations directly give yi and y3 in terms of y2, a suitable linear combination of them all gives a relation between the y2 variables:
The solution to this equation can be given in a continued fraction form which has proved to be in good agreement with the results obtained from the numerical solution of the full problem. In a similar way one can obtain other ratios such as ( (X ) -(X );")/(X2 According to the concept outlined above (cf. discussion of Fig. 4) , the small vertical lines indicate the position of the six difFerent sideband frequencies contributing to the cooling-heating processes. Note in Fig. 5(a) , the frequency~is small so that the lasers interacting with the ion in its rest frame are close enough together to all interact with it, the strongest component (at~L, +v) prevails, and the minimum of the kinetic energy appears at 6 = -I'/2 which corresponds to the optimum detuning for weak confinement (for u = 0.5, v = 0.125, and then I' ) v). Note also that the mean kinetic energy is about twice the value expected for the harmonic trap case, as was stated in Sec. II.
In Fig. 5(b) the micromotion frequency and the trap frequency are further increased, i.e. , in the rest frame of the ion the laser frequencies become more separated. Accordingly, cooling is observed for the detuning - (v + ur) [see the local dip in Fig. 5(b) ], whereas for the detuning v -u heating can be observed as indicated by the local maximum in Fig. 5(b (4.11) .
As has been argued in Sec. IV above, the greater the separation of the frequencies "sensed" by the ion, the better the ion can be considered as interacting only with a single frequency chosen by the given detuning in each case. This concept can be generalized to more levels, taking into account difFerent separated resonances and provided that the laser frequencies "sensed" by the ion are well separated as, e.g. , given by the inequality (4.5) . As soon as more than one frequency contributes essentially to the cooling-heating process this concept is no longer applicable and the full and involved treatment, as outlined in Sec. V, has to be invoked in order to determine the exact values for the 6nal kinetic energy.
As already mentioned in Sec. II, in the long-time limit (i.e., t -+ oo) the kinetic energy (P(t)2) and the spa- Fig. 4(d) shows that the behavior is very similar to the case where the ion is localized at the node of a standing wave, except for the fact that now cooling is observed for blue detunings which is to be expected [10] . This is completely different for the case of traveling waves as is shown in Fig. 3(b) .
Here, the dashed line again indicates the expected behavior for a harmonic trap whereas the solid line shows the influence of the micromotion. In contrast to what is observed for a harmonic trap potential, the most striking result is that cooling is possible for blue detunings, i.e. , for a detuning close to b = u -v. Note also that cooling near h = -v is less efficient and for b = -(v+u) is more eKcient than expected from a harmonic trap.
For an experimental verification of the influence of the micromotion on laser cooling of an ion in a Paul trap we thus propose to investigate the cooling with traveling waves and for blue detunings. Observation of cooling as predicted by the calculations indicated in Fig. 3(b) 
The operators A and At are linear combinations of the initial position and momentum operators, X(0) = X and P(0) = P, respectively. It can be readily checked that they satisfy the commutation relation [ Note that a simple power counting performed on these evolution equations shows that the solutions Z1 2 3 have zeroth order contributions while the others are of the first order at least. In addition, looking at the equations for Z4 14 one can readily see that only the zeroth order of z1 2 3 is necessary and that by no means do these equations determine it. After an analysis, there seem to be more variables than equations. However this is not the case. The choice of an appropriate cutoff (no~oo) to calculate the values of y; (n = 0, kl, . . . , +no) produces the additional equations to determine the problem. In the numerical calculation in terms of matrix continued fractions (see Sec. V), a finite ng substitutes for the infinite limit. Note that this is also true in the harmonic trap case, being in this case np = 0.
